Dranko Grünbaum:
NEW VIEWS ON SOME OLD QUESTIONS OP COMBINATORIAL GEOMETRY *)
1. Introduction, The main motivation for this talk is my feeling that geometric aspects of combinatorial problems (and combinatorial aspects of geometric problems) are receiving less attention than they deserve -be the merit determined by Intrinsic interest or by Influence on and inspiration for other parts of combinatorics. The thinking of some of the most prominent founders of combinatorics (like L. Ruler, J. Steiner, and T. P. Kirkraan) was to a large extent geometric, and my thesis is that much that is valuable can be found by following their lead.
Although geometry and combinatorics Interact at many levels and in a multitude of ways, I shall examine here only two such areas. This is not caused by any objective assessment of their value, but by the accident of my having recently been interested in them, or having heard of relevant new results» As will be apparent, many new problems -geometric as well as purely combinatorial -are suggesting themselves very naturally.
The two areas we shall discuss are convex polytopes, and arrangements, They are both concerned with phenomena in the (real) Euclidean plane or n-space, but their ramifications are very farflung. In each area, the coherent body of available geometric facts offers the possibility of obtaining interrelated points of view on a whole family of problems, and naturally leads to unexplored avenues in many directions. It may also suggest methods of proof, or instructive examples. I hope that the cases discussed in the following pages will provide ample illustrations, and possibly Induce other workers to try their hands at solving the remaining open questions.
*) Research supported in part by the Office of Naval Research under Grant N0O01^-6?-A-0t03-0003. iMiinnitflMilHttHii 2. Convex polytopes. The combinatorial aspects of the theory of polytopes appears to have been totally alien to the mathematicians of antiquity and the middle ages. Euler seems to have been the first to show genuine interest for it and to obtain non-trivial results (Euler characteristic, etc.) . A large part of the interactions of the theory of 3-polytopes (3-diraensional convex polytopes) and combinatorics (especially" graph theory) is based on the following theorem of Steinltz [1922] (see Grtlnbaum [1970; Section 1.2] for details and references to the literature) i A graph G is Isomorphic to__the_graph defined by the vertices and edges of some 3-Polytope if and only if G is planar and 3-cqnnected.
To discuss the first group of graph-theore tic results and problems related to convex polytopes we recall the following theorem of V. Kalkevitch [1970] ) deals with such a case; it was recently established by Grttnbaura-Zaks [1973] where it was proved together with a number of analogous results: Every 3-polytope P has an edge such that the sum of the valences of its endpoints is at most 13; the number 13 Is best possible.
Kotsig's result, which can obviously be translated to deal with 3-connected planar graphs, has recently been strengthened in several directions. Jucovlc [19733 has shown that every P has at least 3 edges of the type discussed, and at least 6 if P is simpliclal (that is, if all the faces of P are triangles).
In order to describe some other results and open problems, let us denote by e-^ s e, v(P) the number of those edges of the 3-polytope or planar graph P which have one endpoint of valence j , the other The inenuality e" «. *> 60 is somewhat remarkable since it is 3,10 best possible in the following strong senses Equality holds for the 3-polytope obtained by placing 20 small pyramids on the faces of the icosahedron, as well as for infinitely many other 3-polytopes. Several other types of problems in graph-theory motivated by the theory of polytopes are discussed in Grtinbaum [1973a] and [1973b] . Instead of repeating them here, we turn to the area of arrangements. Grtinbaum [1972] , and for higher-dimensional material to
Grünbaum [1971] .
Por a set A of n points in the plane, not all on one line, we shall denote by m,(A n ) the number of lines containing precisely j of the points. Several variants of the following problems were when A_ varies over all n-pointed sets in the plane.
Concerning the first problem it Is known that 3n/7 £ in,£n) £ (?C(n) , where f 3, 3, **, 6 for n « 3. **■ » 5, 13 p((n) = *\ n/2 n even, n ^ 4
[ 3CnA3 n odd, n ^ 3, 5, 13 .
It may be conjectured that m 2 (n) = Ci (n) for all n >_ 3 J this relation is known to hold for 3 £ n 414 and n = 16, 18, 22 . The bound 3n/7 is due to . It may be conjectured that m (n) = A(n) for all n 5 this Is known to be true for 4 l~n £Tl2 and for n = 16.
The determination of m"(n) is of interest, among others, because 3 of its connections on the one hand to the Kirkman [18^73 problem of maximizing the number of triplets on n elements, with no pair occuring twice, and on the other hand to the elementary algebraic geometry of cubic curves and to the Weierstrass elliptic functions.
The degree of our knowledge changes drastically when we turn to consider m*(n) for j > k. The best result known is due to H. Croft -10 -elements, such that no pair occurs In more than one quadruplet. This combinatorial problem appears to be only partially solved (see Hanani [19613, Schttnhelm [i960] , Hall [1967, p. 248] , Niven [ ], Wilson [1970 ) by the assertion that mjj(n) £ [[(n-l)/3]n/4] -£(n) , where 6(n) = 1 if n^ 7 or n s?10 (mod 12) and £(n) = 0 otherwise; equality holds for n=0 or 3 (mod 12) and in some other cases, as well as for all sufficiently large n .
For small n , a certain amount of additional information on mAn) is available; it has been collected in Table 1 hard to see that similar diagrams may be constructed using 5 copies of any non-circular ellipse. However, no Venn diagram can be formed by 6 ellipses. This follows at once from the case j = 4 of the following lemma, which is easy to establish but rather useful (see Grünbaum [1973c] )
If an independent family of n curves is such that each two curves meet in at most n points, then
Let k-gon mean any convex polygon with at most k sides. We shall denote by n(k) the maximal number of members in any Independent family of k-gons in the plane, and by k(n) the minimal k such that there exists an independent family on n k-gons. The similarly defined The above result appears in Renyi-Renyi-Suranyi [1951] ; however, their proof is based on a statement obtained from our lemma by replacing the inequality of its conclusion by the stronger Inequality i > Z nmml /(n"X) .
Unfortunately, this statement is not true, as may be seen by the example in Figure 7 , where n = ] = 6 . It would be of some interest to investigate whether the stronger inequality can be established for convex polygons of j/2 sides , although this does not seem likely.
Among other results obtained In Grünbaum [1973c] we mention:
Equality probably holds in all those estimates; an example of a Venn diagram with 5 triangles is given in Figure 8 .
Many other attractive problems on Venn diagrams, on diagrams exhibiting rotational symmetry (as in Figure 8 ), and on hlgher-dimenslonal generalisations are given in Grünbaum [1973c] , where detailed references to the literature may also be found. Table 2 . We conjecture that Table 2 J. ' ' . 
